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The presence of spinor fields is considered in the framework of some extensions of teleparallel
gravity, where the Weitzenbo¨ck connection is assumed. Some well known models as the Chaplygin
gas and its generalizations are reconstructed in terms of a spinor field in the framework of teleparallel
gravity. In addition, the ΛCDM model is also realized with the presence of a spinor field where a
simple self-intercating term is considered and the corresponding action is reconstructed. Other
cosmological solutions and the reconstruction of the gravitational action in terms of the scalar
torsion is studied.
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I. INTRODUCTION
Cosmology has experienced a large increase of activity over the last decades, especially due to the release of large
amounts of new observational data. In this sense, the observations of Supernovae Ia by two independent groups
in 1998 [1] showed a deviation of the luminosity distance for the first time, a fact that was widely interpreted as
a consequence of the accelerating expansion of the universe. From then on, other datasets have confirmed such
assumption as for instance the observations of the Cosmic Microwave Background radiation (see [2]) or the baryon
acoustic oscillations [3], among others. These observations along with the assumption, widely confirmed, that the
universe is homogeneous and isotropic at large scales, have given rise to plenty of proposals in order to explain such
anomalous behavior of the expansion. Hence, the Friedmann-Robertson-Lemaˆıtre-Walker (FLRW) equations, which
provides a good description of the universe at large scales, should involve a fluid with negative pressure in order to
produce an accelerating expansion. The behavior of this fluid, known as dark energy, can be achieved through several
ways: a positive cosmological constant, scalar fields, vector fields or modifications of General Relativity (GR), among
others (for a review on dark energy candidates, see [4]). Regarding the possible modifications of GR that might
lead to the behavior of dark energy, the so-called f(R) gravity is possibly the most well known alternative, since its
simplicity by generalizing the Hilbert-Einstein action to a more general function of the Ricci scalar, is capable to
realize the late-time acceleration of the universe expansion (for a review on f(R) gravity, see [5]). Nevertheless, other
alternatives to GR have been also studied, where some other curvature invariants as for instance the Gauss-Bonnet
term have been considered, leading also to theories capable of reproducing quite well the cosmological expansion (see
[6]).
In addition, some extensions of the so-called teleparallel gravity have been also considered. Teleparallel gravity
assumes the Weitzenbo¨ck connection instead of the Levi-Civita connection to construct the gravitational action (for
a review, see [7]). In this sense, the curvature vanishes whereas the torsion scalar is not null, such that an action
consisting of a linear term of the torsion leads to an equivalent theory to GR. Consequently, teleparallel gravity gives
rise to the same FLRW equations than in standard GR, and dark energy is also required in order to reproduce an
accelerating expansion. Nevertheless, in analogy to f(R) theories, some extensions of teleparallel gravity have been
proposed under the name of f(T ) gravity, which are capable of reproducing the dark energy epoch (see [8–10]).
Hence, a considerable number of works has analyzed this possibility, where several cosmological models and their
properties have been studied in the framework of f(T ) gravity (see Ref. [11]). Then, as in the case of f(R) gravity,
the aim of these theories is to reproduce the dark energy epoch with no need of any extra field, but just in terms of
gravity. However, in comparison with f(R) gravity, the gravitational field equations of f(T ) gravity are second order
instead of the fourth order of f(R) gravities, which simplifies the equations in comparison with f(R) gravity, and
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2leads for instance to the same gravitational waves modes as in GR [12]. Furthermore, some other theoretical aspects
have been studied within the framework of f(T ) gravity, as causality problems [13], the realization of inflation [14],
the behavior of the cosmological perturbations [15], some conformal symmetries in teleparallel gravity [16] or the
local Lorentz invariance of the theory [17].
On the other hand, the possibility of reproducing dark energy by means of spinor fields has been also considered in
the literature [18]. In this sense, any cosmological solution can be reconstructed by the appropriate self-interacting
term of the spinor field in the framework of GR and even within higher order theories of gravity as f(R) gravity [19],
so that the cosmological history might be explained by sources of Dirac fields. Furthermore, some inflationary models
with the presence of spinor fields have been proposed [20], as well as models that mimic some well known dark energy
models as for instance, quintessence or the Chaplygin gas model [21]. In addition, some cosmological solutions have
been analyzed with the presence of spinor fields in gravitational theories with non-null torsion [22].
In this paper, we deal with the presence of spinor fields in the framework of f(T ) gravity, where the Weitzenbo¨ck
connection is assumed. Several dark energy models are reconstructed in teleparallel gravity with the presence of an
additional trivial term in the action. In this sense, the self-interacting term of the spinor field is reconstructed in
order to reproduce the behavior of the Chaplygin gas, as well as some of its generalizations. Then, by assuming
a usual self-interacting term of the spinor field, the corresponding f(T ) gravity is obtained, where it is shown that
ΛCDM can be well realized. Some other cosmological solutions are also explored.
The paper is organized as follows: in Section II, the main aspects of f(T ) gravity are briefly reviewed. Section III
deals with the presence of Dirac fields in the framework of teleparallel gravity, where the Chaplygin gas models are
reconstructed in terms of a spinor field. Section IV is aimed to the reconstruction of the corresponding f(T ) action
for some particular cosmological solutions as ΛCDM model. Finally, Section V summarizes the results of the paper.
II. F (T ) GRAVITY
Let us start by reviewing the main aspects of F (T ) gravities, which refers in this case to an extension of the well
known Teleparallel gravity. Teleparallel theories are described by the vierbein vectors eA, defined in the tangent space
of a particular manifold by the components eiµ. Moreover, the Weitzenbo¨ck connection is assumed instead of the
Levi-Civita connection,
Γ˜αµν = e
α
i ∂νe
i
µ = −ei µ∂νe αi , (1)
which leads to a null covariant derivative of the vierbein, ∇µei ν = 0, in analogy to the pure curvature gravity, where
the Levi-Civita connection leads to a null divergence of the metric tensor. The action for F (T ) gravity is given by
(see, e.g. [8–10])
S =
∫
d4xe[
1
2κ2
F (T ) + Lm] , (2)
where T is the torsion scalar, e = det (eiµ) =
√−g and Lm stands for the matter Lagrangian. The components eiµ are
defined by the vierbein vector field eA in a coordinate basis, that accomplishes eA ≡ eµA∂µ. Note that in teleparallel
gravity, the dynamical variable is the vierbein field eA(x
µ). Then, the variation of the action with respect to the
vierbein leads to the following field equations
[e−1∂µ(eS
µν
i )− eλi T ρµλSνµρ ]FT + Sµνi (∂µT )FTT +
1
4
eνi F =
1
2
κ2eρiT
ν
ρ . (3)
And the torsion scalar T is given by
T = Sµνρ T
ρ
µν (4)
with
Sρ
µν =
1
2
(Kµν ρ + δ
µ
ρT
θν
θ − δνρT θµ θ). (5)
Whereas the contorsion tensor is defined as
Kµν ρ = −1
2
(T µν ρ − T νµ ρ − Tρ µν) (6)
3and the torsion tensor is defined as the antisymetric part of the connection (1),
T λµν =
w
Γ
λ
νµ −
w
Γ
λ
µν= e
λ
i (∂µe
i
ν − ∂νeiµ). (7)
Then, the vierbein vector fields are related with the metric through
gµν(x) = ηije
i
µ(x)e
j
ν(x), (8)
where ei ·ej = ηij and ηij = diag(1,−1,−1,−1). Here, a flat homogeneous and isotropic FLRW universe is considered,
whose metric is given by
ds2 = dt2 − a(t)2
3∑
i=1
(dxi)2, (9)
where t is cosmic time. Along the present work, a diagonal set of tetrads is assumed, which is expressed as follows
ei µ = diag (1, a, a, a) , e
µ
i = diag
(
1,
1
a
,
1
a
,
1
a
)
. (10)
The set of tetrads (10) corresponds to the metric (9) trough the relation (8), whereas e = a3 is the determinant of
the matrix. The non-null components of the torsion tensor (7) and the contorsion tensor (6) for this choice of the
vierbein are
T 101 = T
2
02 = T
3
03 = K
01
1 = K
02
2 = K
03
3 = H(t) , (11)
whereas the components of S µνα in (??) are given by
S 101 = S
20
2 = S
30
3 = H(t) . (12)
Finally the torsion scalar (4) yields
T = −6H2(t) . (13)
Then, we can write the modified Friedmann equations and the continuity equation as follows
− 2TFT + F = 2κ2ρm , −8H˙TFTT + (2T − 4H˙)FT − F = 2κ2pm, (14)
ρ˙m + 3H(ρm + pm) = 0 , (15)
which can be rewritten in a more appropriate form as
− T − 2TfT + f = 2κ2ρm , −8H˙T fTT + (2T − 4H˙)(1 + fT )− T − f = 2κ2pm, (16)
where we have assumed the action
S =
∫
d4xe[
1
2κ2
(T + f(T )) + Lm], (17)
and f = F − T , so that the extra components enclosed in f(T ) can be seen as corrections to the usual teleparallel
action. Moreover, one might define an effective density and pressure for the extra terms of the FLRW equations (16)
as
ρT = κ
−2(Tf
′ − 0.5f),
pT = κ
−2[4H˙T f” + (2H˙ − T )f ′ + 0.5f ] = −ρT + 2κ−2H˙ [2Tf” + f
′
] , (18)
Then, the equations (16) become the usual FLRW equations of teleparallel gravity, or equivalently General Relativity,
3H2 − κ2ρ = 0 , 2H˙ + 3H2 + κ2p = 0 , (19)
where
ρ = ρm + ρT , p = pm + pT (20)
4Here ρm and pm are the energy and pressure of the matter content respectively. By defining F = 2E and κ
2 = 1, the
equations (16) yield
− 2TET + E − ρm = 0 , −8H˙TETT + (2T − 4H˙)ET − E − pm = 0 , (21)
which have the following general solution
E = C
√
T − 1
2
√
T
∫
ρm
T 3/2
dT (22)
where C is an integration constant. Hence, by expressing ρm in terms of the torsion, the corresponding f(T ) action
can be reconstructed for a particular cosmological evolution.
III. TELEPARALLEL GRAVITY WITH THE PRESENCE OF SPINOR FIELDS
Let us start by studying the particular case,
f (T ) = c
√
T , (23)
where c = const, and the action (17) turns out the teleparallel action plus the term (23) F (T ) = T + c
√
T , whose
second term is cancelled in the lhs of the FLRW equations. In this case, as follows from (18), the effective densities
are null ρT = pT = 0. By assuming the matter Lagrangian of a complex spinor field,
Lm = Y − V (ψ¯, ψ) , (24)
where ψ = (ψ1, ψ2, ψ3, ψ4)
T is a spinor function and ψ¯ = ψ†γ0 is its adjoint function, with the dagger representing
complex conjugation. The canonical kinetic term for the spinor field is defined as
Y =
1
2
i[ψ¯ΓµDµψ − (Dµψ¯)Γµψ] , (25)
where Dµ is a covariant derivative. Note that the spinor fields are treated here as classical commuting fields. In
general, the field equations corresponding to the action (23) and the Lagrangian (24) have a very complicated form,
so here we focus on a flat FLRW metric with the presence of the spinor field described by the Lagrangian (24). Recall
that the set of vierbeins is chosen to be diagonal,
(eµa) = diag(1, 1/a, 1/a, 1/a), (e
a
µ) = diag(1, a, a, a) , (26)
which corresponds to the metric (9) as can be shown by (8). The preliminary set-up for writing the equations of
motion is now complete, so for the FLRW metric (9), the equations corresponding to the action (23) and the spinor
Lagrangian (24) yield [20]
3H2 − ρ = 0, 2H˙ + 3H2 + p = 0,
ψ˙ +
3
2
Hψ + iγ0Vψ¯ = 0,
˙¯ψ +
3
2
Hψ¯ − iVψγ0 = 0,
ρ˙+ 3H(ρ+ p) = 0, (27)
where the dot denotes derivatives with respect to the cosmic time t. Here the kinetic term, the energy density and
the pressure take the form
Y =
1
2
i(ψ¯γ0ψ˙ − ˙¯ψγ0ψ) (28)
and
ρ = ρm = V, p = pm = Y − V, (29)
respectively. Then, for a particular spinor potential, the Hubble parameter can be obtained. In the following, we
study some cases that yield to late-time acceleration, and where the spinor field behaves as some well known dark
energy models.
5A. The spinor Chaplygin gas model
As a first example, let us consider the original Chaplygin gas, whose equation of state is defined as
p = −A
ρ
, (30)
where A is a positive constant. The cosmological model based on the Chaplygin gas was proposed for the first time
in [23] as an alternative to the quintessences models for dark energy. Let us assume a potential for the spinor field
which has the special form V = V (ψ¯, ψ) = V (u), where u = ψ¯ψ is a scalar, and no other matter contribution. Then,
in terms of the scale factor a, the system (27) has the following solution
H = ±3− 12 (A+Ba−6) 14 ,
ρ = (A+Ba−6)
1
2 ,
p = −A(A+Ba−6)− 12 ,
ψj = cja
− 32 e−iD, j = 1, 2,
ψl = cla
− 32 eiD, l = 3, 4,
V = (A+Ba−6)
1
2 . (31)
Here B, cj , cl, c are constants, being c = |c1|2 + |c2|2 − |c3|2 − |c4|2 and
D = ∓0.5
√
3Bc−1a−2(A+Ba−6)−
3
4 . (32)
Whereas the scale factor is given by [23]
t =
1
6 4
√
A
(
ln
4
√
A+Ba−6 + 4
√
A
4
√
A+Ba−6 − 4√A − 2 arctan
4
√
1 +A−1Ba−6
)
. (33)
And the EoS parameter yields
ω = −1 + B
B +Aa6
. (34)
Finally the expressions for the potential, and the kinetic term can be expressed in terms of u:
V =
√
A+Bc−2u2,
Y = Ba−6(A+Ba−6)−
1
2 ,
u = ca−3,
(35)
Hence, the Chaplygin gas is reproduced in terms of a Dirac field for the action F (T ) = T +c
√
T , a possibility explored
previously in the Einstein-Dirac theory [24].
B. The generalized Chaplygin gas model
The previous analysis can be also extended to the so-called generalized Chaplygin gas, whose EoS has the following
form [23]
p = − A
ρα
, (36)
6where A is a positive constant. For simplicity, we assume again a spinor potential given by V = V (ψ¯, ψ) = V (u).
Then, the system of equations (27) has the following solution
H = ±3− 12 [A+Ba−3(α+1)] 12(α+1) ,
ρ = [A+Ba−3(α+1)]
1
α+1 ,
p = −A[A+Ba−3(α+1)]− αα+1 ,
ψj = cja
− 32 e−iD, j = 1, 2,
ψl = cla
− 32 eiD, l = 3, 4,
V = [A+Ba−3(α+1)]
1
α+1 . (37)
Here B, cj , cl, c are constants, and c = |c1|2 + |c2|2 − |c3|2 − |c4|2, while D is expressed as
D = ∓
√
3Bc−1
∫
a−3(1+α)+3
[
A+Ba−3(1+α)
]− 0.5+α1+α
da. (38)
In this case, the EoS parameter can be written in terms of the scale factor as
ω = −1 + B
B +Aa3(α+1)
. (39)
Then, as in the above case, the expressions for the potential, the kinetic term and u are given by
V =
[
A+ Bc−(1+α)u1+α
] 1
1+α
,
Y = Ba−3(1+α)
[
A+Ba−3(1+α)
]− α1+α
,
u = ca−3
(40)
Hence, the generalized Chaplygin gas can be also reproduced by spinors, where the particular potential for this case
is reconstructed.
C. The modified Chaplygin gas model
Finally, let us consider the modified Chaplygin gas model for dark energy model. In this case, the EoS is given by
a generalization of the previous ones, [25]
p = Eρ− A
ρα
, (41)
where A and E are positive constants and 0 ≤ α ≤ 1. Then, by the continuity equation ρ˙+3H(ρ+ p) = 0, the energy
density for this particular EoS (41) evolves as [25]
ρ =
[
A(1 + E)−1 +Ba−3(1+α)(1+E)
] 1
1+α
, (42)
where B is an integration constant. As above, we assume again a potential described by V = V (ψ¯, ψ) = V (u). The
corresponding solution of the set of equations (27) in terms of the scale factor a yields,
H = ±3− 12
[
A(1 + E)−1 +Ba−3(1+α)(1+E)
] 1
2(1+α)
,
ρ =
[
A(1 + E)−1 +Ba−3(1+α)(1+E)
] 1
1+α
,
p = [EBa−3(1+α)(1+E) −A(1 + E)−1]
[
A(1 + E)−1 +Ba−3(1+α)(1+E)
]− α1+α
,
ψj = cja
− 32 e−iD, j = 1, 2,
ψl = cla
− 32 eiD, l = 3, 4,
V =
[
A(1 + E)−1 +Ba−3(1+α)(1+E)
] 1
1+α
, (43)
7where
D = ∓
√
3B(1 + E)c−1
∫
a−3(1+α)(1+E)+3
[
A(1 + E)−1 +Ba−3(1+α)(1+E)
]− 0.5+α1+α
da. (44)
And the EoS parameter evolves as
ω =
EBa−3(1+α)(1+E) −A(1 + E)−1
A(1 + E)−1 +Ba−3(1+α)(1+E)
. (45)
Whereas the corresponding expressions for the potential, the kinetic term and u read as:
V =
[
A(1 + E)−1 +Bc−(1+α)(1+E)u(1+α)(1+E)
] 1
1+α
,
Y = (1 + E)Ba−3(1+α)(1+E)
[
A(1 + E)−1 +Ba−3(1+α)(1+E)
]− α1+α
,
u = ca−3,
(46)
Then, by using the reconstruction techniques shown in the previous section, the spinor potential can be reconstructed
for any cosmological model. Here, we have illustrated such procedure by reconstructing the spinor potential for several
kinds of the Chaplygin gas model, leading to an alternative to the usual dark energy candidates.
IV. F (T ) GRAVITY AND SPINORS FIELDS: RECONSTRUCTING COSMOLOGICAL SOLUTIONS
Let us now consider a more general action F (T ) with the presence of a spinor field as well as other matter content.
In such a case, the FLRW equations are given by (14)
− 2TFT + F = 2κ2
∑
i
ρi , −8H˙TFTT + (2T − 4H˙)FT − F = 2κ2
∑
i
pi, (47)
where the sum in the matter sector of the equations is given by the contributions of all species present in the universe.
By assuming a pressureless fluid and a spinor field described by the Lagrangian (24), the energy and pressure densities
yield
ρTotal = ρm + ρψ , pTotal = pψ . (48)
where recall that ρψ = V and pψ = Y −V , being Y the kinetic term of the spinor field (25) and V the spinor potential,
a function to be determined. Hence, note that by assuming an ansatz solution H(t) and a particular spinor potential
V , the corresponding action F (T ) that reproduces such solution can be reconstructed. In order to illustrate this
procedure, let us consider the ΛCDM evolution as the solution for the Hubble parameter,
H =
κ
3
ρ0a
3 +
Λ
3
=
κ3
3
ρ0(1 + z)
3 +
Λ
3
. (49)
Here, ρ0 and Λ are constants to be matched with the observations. For simplicity, the following spinor potential is
considered,
V (ψ¯, ψ) = mψ¯ψ . (50)
Then, the Dirac equation yields,
aH(a)ψ′(a) +
3
2
H(a)ψ(a) + imγ0ψ(a) = 0 . (51)
It is straightforward to solve this equation for the Hubble parameter (49), whose solution is given by
ψj = cja
−3/2
(
κ2
3
ρ0 +
Λ
3
a3
)−imΛ
, j = 1, 2 ,
ψk = cka
−3/2
(
κ2
3
ρ0 +
Λ
3
a3
)imΛ
, k = 3, 4 . (52)
8And the potential (50) in terms of the scale factor can be rewritten as
V =
mC2
a3
, (53)
where C2 = c21 + c22 − c23 − c24. Then, the first FLRW equation in (47) becomes
− 2TFT + F = 2κ2
(
V + ρm0a
−3
)
= 2a−3κ2
(
mC2 + ρm0
)
, (54)
where we have used the continuity equation for the pressureless fluid. Then, by using T = −6H2, the equation (54)
can be written in terms of the torsion scalar,
− 2TFT + F + mC
2 + ρm0
ρ0
(T + 2Λ) , (55)
whose solution leads to the action
F (T ) =
mC2 + ρm0
ρ0
(T − 2Λ) + k1
√
−T . (56)
This action reduces to the action of Teleparallel gravity with a cosmological constant and the trivial term
√−T .
Nevertheless, note that for a more complex spinor potential, the action F (T ) would contain more complex functions
of the torsion scalar T . Nevertheless, in general an explicit expression for the action F (T ) will not be possible to
reconstruct and numerical resources will be required.
Let us consider another class of important cosmological solutions, given by powers of the scale factor,
H ∝ an . (57)
By assuming the potential (50), the solution of the Dirac equation (51) yields
ψj = cja
−3/2 exp
(
i
m
n
a−n
)
, j = 1, 2 ,
ψk = cka
−3/2 exp
(
−im
n
a−n
)
, k = 3, 4 . (58)
Whereas the spinor potential is given by V = mC
2
a3 in terms of the scale factor. Then, the first FLRW equation (47)
turns out
− 2TFT + F = 2κ2mC
a3
= 2κ2mC
(
−T
6
)− 32n
, (59)
Note that for this example, we have only considered the contribution of the spinor fields, neglecting any other matter
contribution. Finally, the action that satisfies the FLRW (59) is given by
F (T ) = 2κ2Cm
(
−T
6
)− 32n
+ k1
√
−T . (60)
Here k1 is an integration constant. Hence, any power law solution (57) can be realized by spinors with the potential
(50) when assuming the appropriate action (60), so spinors may reproduce, together with the extra terms in the
action, a matter-like evolution (n = −3/2), radiation-like cosmology (n = −2) or even an accelerating expansion
(n > −1).
V. CONCLUSIONS
In this work, the presence of Dirac fields in the framework of f(T ) gravity has been analyzed. Specifically,
the reconstruction of some particular solutions has been performed. It has been shown that for FLRW metrics,
the presence of terms as
√−T in the action reduces to the usual equations of teleparallel gravity, or equivalently
to the FLRW equations in GR. In this context, the self-interacting term of the spinor field has been recon-
structed following some reconstruction techniques in order to describe some well known models of dark energy.
9In this sense, several kinds of the Chaplygin gas model has been studied. It is well known that the Chaplygin
gas models can lead to a good description of the universe evolution. Then, in this paper we have shown that
every of the Chaplygin gas models can be reproduced by the appropriate spinor potential, leading to an alter-
native description of the mentioned models, which are usually expressed in terms of scalar fields instead of other fields.
In addition, a simple spinor model has been considered with an arbitrary f(T ) action. The ΛCDM solution
for the Hubble parameter has been been analyzed, where has been shown that the spinor energy density would
behave as a pressureless fluid, whereas the f(T ) action leads to the one of teleparallel gravity with the presence
of a cosmological constant. Nevertheless, this is not the case for other kind of solutions, as power law expansions,
where the corresponding f(T ) action contains additional terms in the action. Furthermore, note that a simple spinor
potential has been considered in this case, such that any generalization to other more complex potentials would give
rise to more complex f(T ) actions.
Hence, we have shown a reconstruction procedure in the framework of extended teleparallel gravities with the
presence of spinor fields, which can lead to reproduce realistic cosmological scenarios in the context of f(T ) gravities.
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